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The problemof determiningwhethertwo mathematicalexpressionsareequivalent is very difficult, and even
algorithmicallyundecidablein completegenerality. Presentedherearetwo algorithmsthatuseinterval analysis
to make quick andeffective probabilisticcomparisonsof expressions.Thesealgorithmsbenefitfrom a novel
extensionof thestandarddefinitionsof interval analysis,to betterdealwith functionsthatdonotexist everywhere.
Thealgorithmsarebasedonrandomsamplingandareapplicabletoawiderangeof functions,canbecarriedoutat
highspeed,andadmitonly one-sidederrorin thesensethatequivalentexpressionsarenever judgedunequal.The
first algorithmtestsfor equivalenceof expressionsandthesecondalgorithmtestsfor equivalenceof expressions
upto anadditiveconstant.Thesealgorithmshavebeenfoundhighly accuratein computergradingof mathematics
exams,andhave potentiallywider applicability.
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1. INTRODUCTION

Theproblemof determiningunequivocallywhetheronemathematicalexpressionis equiv-
alentto anotherexpressionis very difficult, andevenalgorithmicallyundecidablein com-
pletegenerality. Thisproblemis known to beundecidablefor theclassof expressionsbuilt
up from theconstants

�
and � , thevariable � , andthefunctions ����� (absolutevalue)and�
	�� usingarithmeticoperationsandcompositionof functions[Richardson1968].Notethat

expressions and � areequivalentif andonly if theexpression���� is equivalentto zero;
for this reasonthequestionis oftenreferredto asthezero equivalenceproblem.

In thispaperwedescribepracticalalgorithmsto dealwith thezeroequivalenceproblem
andthecloselyrelatedproblemof determiningif thedifferencebetweentwo expressions
is a constant. We have identified threepropertiesthat are desirablein an algorithm to
comparetwo givenexpressions:

(1) Thealgorithmshouldbeableto comparearbitraryexpressionsinvolving a largeclass
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of operations� .
(2) Comparisonsneedto takeplacequickly: for real-timeapplicationscomparisonsshould

not take morethana fractionof a second.

(3) Thealgorithmshouldbeguaranteedto producecorrectresultsfor eachcomparison.

Unfortunately, in view of theabove mentionedundecidabilityresults,it is not possible
to attainall threeof theseproperties.The algorithmsthat we presentsettlefor a weaker
versionof the third property: the algorithm will only be guaranteedto have returneda
correctresultwhenits returnvalueindicatesthat theexpressionsunderconsiderationare
unequal. Thispropertyis oftenreferredto as“one-sidederror.”

Thislimitation to one-sidederroris satisfactoryin many applications.Indeed,if thegoal
of theapplicationis to disprovepurportedidentities,thenthevalueof thesealgorithmslies
in thecompleteconfidenceonegainsfor thoseidentitiesthatthealgorithmsdisprove.From
a practicalstandpoint,our algorithmshave alsoproveneffective for verifying identitiesin
an implementationinvolving a broadclassof functions. In an implementationwherea
guaranteeof correctresultsis critical, thealgorithmswe presentcouldbeusedin tandem
with methodsthatguaranteeonly one-sidederror in theoppositedirection.We have used
this techniqueto evaluatetheperformanceof our implementationof thesealgorithms(see
Section4.1).

1.1 Statement of Problem

By anexpressionwemeanawell-formedstringof symbolswhich representsareal-valued
function dependenton zeroor morevariables. An expressionthat contains� variables
representsan � -placefunction in the obvious way. At thosepointswherean expression
is not definedin the real numbers,we will say that the expressiontakes the valueNaN
(“Not a Number”). Throughoutthis documentwe will usethephrases“the expressionis
undefined”and“the expressiontakesthe valueNaN” interchangeably. We will use � to
denotethesetof realnumbersand ��� to denotetheset �����������! . Two expressionswill
be consideredequivalentif andonly if they take the samevaluein � � for eachpossible
realassignmentto thevariables.

Themain questionwe areconcernedwith is how to determineif two expressionsrep-
resentthesamefunction. For example,3 sin(y) + cos(x) andcos(2 pi - x)
- 3 sin(-y) areeachvalid expressionswhichdo, in fact,representthesamefunction.
For any assignmentto the variablesx andy , eachexpressionwill evaluateto the same
result.Theexpressionsln(x) andln(abs(x)) , on theotherhand,donot representthe
samefunction. For any negativex thelatterexpressionevaluatesto a realnumberandthe
formerevaluatesto NaN.

2. ALGORITHMS

2.1 Overview of Interval Analysis

Interval mathematicsis anextensionof themathematicsof therealline. Wewill startwith
thesetof closedintervalsof the real line andintroducemethodsof arithmeticwith these
intervals. A computationinvolving two intervalsproducesa third interval whosebounds

"
Theimplementationthatled to this paperevaluatesexpressionsbuilt in anarbitraryway from theoperations+,

- , * , / , ˆ , andthefunctionssin , cos , ln , abs , andarcsin .
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areboundson thepossiblevaluesof theresultof thatcomputation.In exactinterval math-
ematics,the resultof thecomputationwould betheminimal boundinginterval. Practical
implementationscarry out roundedinterval mathematics,wherethe resultinginterval is
slightly larger thana minimal boundinginterval but is still guaranteedto containall pos-
siblevaluesof the resultof thecomputation.Thebasicsof thesubjectwerefirst laid out
by Moore[1966] andcanbefoundin many morerecentexpositions;herewe give only a
minimaldescriptionof thesubjectandintroducethenotationusedin theremainderof this
paper.

DEFINITION 1. Let $ %'&)(*%,+.- denotethe set /�%�021435%6&879%:79%,+<; . Thesetof real
intervalsis theset =?>@1�ACBD/E$ %6&<(*%,+.-F3G%6&H(*%I+�0�1�; .

DEFINITION 2. For JK(
LM0N=?>@1�A , andfor O oneof theoperationsP , Q , R , S , or ˆ

J�OTLUBV/XWYO[Z?3�W\0]J2^`_baKZc0dLe;
providedthat WfO[Z existsfor all W in J andall Z in L .

DEFINITION 3. For continuousfunctions g!h�18i�jk1 , thenatural interval extension
of g is definedby gl>mJ & (nJ + (�o�oGo�(nJ i AYBp/qgl>@W & (nW + (�oGo�o.(nW i Ar35Wtsc0uJcsv; for Jrsf0w=?>m1�A ,x Bzy`(|{}(�oGo�o.(
~ .

Notethataninterval, aswell asthecross-productof ~ intervals,is a connectedset.The
continuousimageof a connectedset is connected,so the resultof applying the interval
extensionof a function is againan interval. Furthermore,sincethe operationsP , Q , R , S ,
andˆ arecontinuous,Definition 2 is subsumedby Definition3.

Thepropertyof interval arithmeticthat is mostessentialto our purposesis known var-
iously as inclusion monotonicity[Moore 1966] or inclusion isotonicity [Hammeret al.
1995],andguaranteesthat theresultof a computationcarriedout on an interval � will be
a supersetof theresultof thecomputationcarriedout on asubinterval of � .

DEFINITION 4. Let J�(nLM0�=?>m1�A . ThebinaryoperationO definedon =?>@1�A is inclusion
monotonicif J�O�LM��Jc�`OCL�� whenever Jc��(
LK�F0�=?>m1�A satisfy Jz��Jr� and LM�:LK� . The
function g]hG=?>@1�A�j�=?>m1�A is inclusionmonotonicif gl>mJcA[�:gl>@Jc��A whenever Jr��0�=?>m1�A
satisfiesJD��Jc� .

It is easyto seefrom Definition 3 that the naturalinterval extensionof a continuous
function is inclusionmonotonic. For if g�h[18i�j�1 and Jrs���Jr�s are real intervals
then gl>@J & (Go�oGo.(
J i A�B�/)gl>mW & (�oGo�o�(nW i A�3FWtsw0�Jrs*;���/)gl>mW & (�oGo�o.(nW i Ae36W�sw0�Jr�s ;:Bgl>@Jc�& (Go�o�oG(
Jc�i A�o SinceDefinition 2 is a specialcaseof Definition 3, theoperationsP , Q ,
R , S , andˆ arealsoinclusionmonotonicon =?>m1�A .

We useintervals to representupperandlower boundson thepossiblevaluesof a real-
valuedexpression.By makingcopioususeof theinclusionmonotonicitypropertyof inter-
val operationsandfunctions,it is straightforwardto calculatesuchupperandlowerbounds
evenfor verycomplicatedexpressions.Wecankeepourboundsabsolutelyaccurateevenif
our methodsof calculationintroduceerror(dueto roundingin finite-precisionarithmetic)
at eachstep.As long aswe have a boundon theerror introducedat any onestep,we can
makeuseof inclusionmonotonicityto expandour intervalsto take thaterrorinto account.
If donecarefully, theinterval thatweproduceastheresultof acalculationis guaranteedto
containthecorrectvalueof thatcalculation.



4 � T. W. Fisher, J. L. Orr, and S. D. Scott

DEFINITION 5. Let thesetof machinenumbers � bethesetof numbersrepresentable
in a particularimplementation(e.g. the setof double-precisionfloating point numbers).
Thesetof machineintervalsis theset�?���z���V�T� �'�<�
�I�����G�6�<�*�,�¡ d�£¢ .

An acceptableroundedinterval arithmeticschemewill be one in which the result of
everyoperationis amachineinterval thatcontainstheresultof theoperationin therealin-
tervals.Thusanacceptableroundedinterval arithmeticschememustmaintaintheproperty
of inclusionmonotonicity. An optimal roundedarithmeticschemewould beonein which
theresultof everyoperationwasthesmallestmachineinterval containingtheresultof the
operationin therealintervals.

Note that in order to implementan acceptableschemeof roundedinterval arithmetic,
eachrealnumbermustbecontainedin somememberof �?�m�z� . Usingfloatingpointarith-
meticasdescribedin the IEEE 754[1985] standard,this is achievedby meansof special
machinenumberrepresentationsfor positive andnegative infinity. Thesespecialvalues
areconsideredto bepartof theset � andareusedto produceintervalsthatcontainvalues
largerthanany finite floatingpointnumber.

It is straighforwardto implementanacceptableroundedinterval arithmeticschemeon
any systemwherethe desiredoperationsarealreadyimplementedwith a known degree
of accuracy. We denotesuchroundedmachineoperationsby theuseof a subscripted� .
Let ¤�¥ , ¦`¥ , §�¥ , ¨©¥ , and ¥̂ be binary operationsdefinedon ��§ª� by the computer
arithmeticoperationsthatproducemathematicallycorrectresultswith thepossibleexcep-
tion of roundingtakingplacein theunit in thelastplace(ULP). Theseareoperationsfrom
�«§Y� to �p¬Y� NaN¢ , whereNaNoccursasaresultof divisionby zero,exponentiationof
anegativenumberto a fractionalpower, or exponentiationof zeroto thezerothpower. For
a quantityin � , let underlines,� , andoverlines,� , representrespectively theoperations
of subtractingandaddingoneULP to thequantity � . It is easyto see,for instance,that if �U� ® � �n® � � and ¯U�z� ° � �n° � � arebothintervalsin �r�m�z� then

 § ¥ ¯£�z� ±N²�³���® � § ¥ ° � �b® � § ¥ ° � �b® � § ¥ ° � �b® � § ¥ ° � ¢t�
±N´Hµ6� ® � § ¥ ° � � ® � § ¥ ° � � ® � § ¥ ° � � ® � § ¥ ° � ¢G�

definesanacceptable,but not optimal,implementationof roundedinterval multiplication.
Thegeneralprinciple involvedin defininganeasilycomputableform of a roundedin-

terval versionof anelementaryfunction is thatoneneedonly examinea finite numberof
pointsto determinegoodupperandlower boundson thefunction’s value. It is important
to recall thatwe haveno desireto hand-createroundedinterval versionsof every function¶w·`¸8¹eº«¸

; wejustneedto createroundedinterval versionsof theelementaryfunctions.
For examplesupposethat »*²¼³m¥ · � º � is amachineimplementationof the »
²�³ function
that is free from computationalerror. Supposethat

 ��� ®½�<�
®��.� is an interval in �?�m�z� .
We will definetheinterval versionof the »
²¼³ functionin a numberof cases,alwaysbeing
carefulto maintainthepropertyof inclusionmonotonicity. If »
²�³ has(or might have) any
local maximaon


, then the upperlimit of »*²¼³@¥\�  � is ¾ . Otherwisethe upperlimit is

the maximumof »*²¼³@¥\�m® � � and »*²¼³m¥e�m® � � . If »*²¼³ has(or might have) any local minimaon
, thenthe lower limit of »
²�³@¥\�  � is ¦¡¾ . Otherwisethe lower limit is the minimum of
»
²�³m¥\�@® � � and »
²�³@¥e�m® � � .
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Fig. 1. Interval comparisonof functions. The curvesrepresentthe actualvaluesof ÀtÁ�Â`Ã and Ä<Á�Â`Ã ; the error
barsshow interval evaluationsof À and Ä at thevaluesÅ , Æ , and Ç . Notethattheintervalsoverlapatpoints Å andÆ , sothefunctionsarecompatibleat thosepoints.At point Ç , however, theintervalsdonotoverlapsothatsample
shows thefunctionsarenot equal.

2.2 Interval Solution of the Zero Equivalence Problem

The procedurewe useto test if two expressionsÈ and É are equivalent using interval
arithmeticis carriedoutasaseriesof trials. Eachtrial beginsbyassigningrandomvaluesto
thevariablesin theexpressionsÈ and É . Theexpressionsarethenevaluatedusingrounded
interval arithmetic. In the ordinarycase,the evaluationproducesa machineinterval for
eachexpression.If thesemachineintervalsdo not overlap,the expressionsarejudgedto
be unequaland trials stop. Otherwise,more randomtrials arecarriedout. After some
presetnumberof trials have beencarriedout in which all the intervalsobtainedoverlap,
theexpressionsarejudgedto beequal.An illustrationof theinterval comparisonis shown
in Figure1.

A key thing to observe aboutthe above processis thatwith interval arithmetic,unlike
ordinary floating point arithmetic, thereis no dangerof mistakenly declaringa pair of
expressionsto beunequal.Thepropertyof inclusionmonotonicityguaranteesthat,when
È is evaluatedat a point, the resultinginterval mustcontainthecorrectvalueof È at that
point. The sameholdsfor the interval producedfor the expressionÉ at that samepoint.
Thenif È and É areequivalentexpressions,the intervalsproducedby eachmustoverlap
at thatpoint. If any point is foundwhere È and É produceintervalswhich do not overlap,
the expressionshave beenconclusively shown to be unequal.This propertyensuresthat
an interval evaluationschemehasonly one-sidederror. While unequalexpressionsmay
sometimesbecloseenoughin valueto bejudgedcorrect,equivalentexpressionswill never
bemistakenly judgedto beunequal.

Thereis oneimportantpoint not yet addressed.We needto becarefulof whathappens
whenoneof theexpressionsis undefined.For example,take thedivision operator. When
wedefinedtherealintervaloperationof division,weleft ÊfË©Ì¡Í undefinedin thecasewhereÎNÏ Í . In facttherearethreecasesto considerfor ÊfË Ì Í : Thefirst caseis theonethatwe
have beenconsideringall along: that

Î ËÏ Í . In this case,theoperationÊYË Ì Í producesa
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Algorithm 1.
startwith TRIALS equalto 0
repeatuntil TRIALS Ñ MAXTRIALS

assignrandomvaluesto eachvariablein Ò and Ó
let Ô betheroundedinterval evaluationof Ò underthoseassignments
let Õ betheroundedinterval evaluationof Ó underthoseassignments
if Ô�Ö[×�Ø�Ù]Ú and Õ!Ö[×�Ø�Ù]Ú and Ô\ÛrÕwÜ�Ý

returnFALSE (wehave foundamiss)
elseif ÔdÜ CertainlyNaNand ÕÞÖß×�Ø�Ù]Ú

returnFALSE (wehave foundamiss)
elseif ÔwÖ[×�Ø�Ù]Ú and ÕwÜ CertainlyNaN

returnFALSE (wehave foundamiss)
incrementTRIALS

returnTRUE (if wecannotdemonstratethat Ò and Ó differ, assumethey areequal)

Fig. 2. Probabilisticroundedinterval checkif expressionsÒ and Ó areequivalent.

machineinterval. Thesecondcaseis that àUáUâ ãbä
ã<å . In this case,thequotient æ½çHè[á NaN
for all æ�é]ê and èré]à . We will describethis as êfç©ë¡àUá CertainlyNaN. Thethird case
is that ã�é]à , but à alsocontainsnonzerovalues.In thiscase,therearesomecombinations
of ædéwê and èYé�à suchthat æ½ç`èYéwì . We will describethis as êYç ë àíá PossiblyNaN.
Taken togetherthesethreecasesallow the division operationêYç ë à to be definedfor all
ê�änàMéeî?ïmðzñ asamapfrom î?ï�ðzñ`òqî?ïmðzñ to î?ïmðzñ|ó[ô CertainlyNaNõ`ó[ô PossiblyNaNõ .

The samethreecasescanbe appliedto the naturalmachineinterval extensionof any
functionwhosevaluedoesnot alwaysexist in therealnumbers.For example,considerthe
squareroot functionasa function from ì to ì�ö . For any real ÷�ø9ã we have ù ÷2é�ì .
For ÷Vú�ã we have ù ÷ûáýü�æ�ü . Thenfor an interval êþé2î?ïmðzñ , if ê containsonly
nonnegativevalueswe have caseone: ë ù êpéwî?ïmðzñ . If ê containsonly negative values
we have casetwo: ë ù êÿá CertainlyNaN. If ê containsboth negative andnonnegative
valueswehavecasethree: ë ù ê á PossiblyNaN.

Whenwetakeinto accountthepossibilitiesof CertainlyNaNandPossiblyNaN, thepro-
cedureto testif two expressions

�
and� areequivalentremainsessentiallyunchanged.One

hasonly to considermorepossibilitiesto decidewhat the outcomeof a trial is. Random
valuesareassignedto eachof thevariablesin theexpressions

�
and � , andtheexpressions

areevaluatedusinginterval mathematics.We will call a trial a “miss” if that trial shows
that

�
and � cannotbeequivalent. If both

�
and � producean interval, the trial is a miss

if theintervalsdonot overlap.If oneof theexpressionsproducestheresultCertainlyNaN
andthe otherproducesan interval, thenthe trial is a miss. In eachof the otherpossible
cases,thetrial is inconclusive.This algorithmis shown in Figure2.

2.3 Interval Solution of Expression Equivalence Modulo a Constant

Giventwo expressions
�

and � , we sometimeswantto determineif thereexistsa constant�
suchthat

� á���� � . This questionarisesnaturallywhentrying to checkidentities
involving the indefiniteintegral of a givenexpression.Differentantiderivativesof anex-
pressiondiffer by anadditiveconstant.

Interval mathematicsprovidesanelegantsolutionto theproblemof probabilisticallyde-
terminingwhethertwo expressions

�
and � areequivalentmoduloa constant.Onecan

performa seriesof randomtrials, just asin thecaseof determiningequivalenceof expres-
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Fig. 3. Interval comparisonof functionsmoduloaconstant.Intervalsareevaluatedfor �
	�� atsamplepoints  ,�
, and � . Theshadedarearepresentstheintersectionof theseintervals. As long asthatintersectionis non-empty,

it is possiblethat � and � differ by aconstant.

sions.For eachtrial, a randomvalueis assignedto eachvariablein theexpressions� and� . Theexpressionsarethenevaluated.If bothexpressionsproducea machineinterval as
theresultof thetrial, thentheseintervalsaresubtractedandtheinterval representingtheir
differenceis recorded.If the intersectionof this differenceinterval with all previousdif-
ferenceintervalsis empty, thetrial is a miss. If oneof theexpressionsproducestheresult
CertainlyNaN andtheotherproducesan interval, thenthe trial is a miss. In eachof the
otherpossiblecases,thetrial is inconclusive. As soonasa missis found,theexpressions
arejudgedto benot equivalent.After enoughtrials, if no misshasbeenfoundtheexpres-
sionsarejudgedto beequivalent.Theinterval comparisonis illustratedin Figure3 andthe
algorithmis detailedin Figure4.

Thisprocessalsohasthenicepropertyof having only one-sidederror. Two expressions
that areequivalentmoduloa constantarenever judgedto be inequivalent. To seethis,
supposethat � and � areexpressionssuchthat ��� ����� for someconstant����� . By
thepropertyof inclusionmonotonicityof interval mathematics,theinterval resultof ��� �
mustcontain � wherever � and � exist. Thustheintersectionof all thedifferences��� �
muststill contain � andthereforebe nonempty. Furthermore,whenever � exists, � also
exists andwhenever � exists, � alsoexists. Thus if oneevaluatesto Certainly NaN the
othercannotevaluateto aninterval. This takescareof bothpossiblewaysin which a trial
couldproducea miss,so two expressionsequivalentmoduloa constantwill not produce
any missesandnot bejudgedunequal.

2.4 Limitations

As we notedin Section1, any algorithmthatattemptsto solve theexpressionequivalence
problemmustmakeasacrificeeitherin theclassof expressionsthatcanbecomparedor in
theaccuracy with which this comparisontakesplace.Our algorithmshave thepossibility
of one-sidederror, in that thereare inequivalentexpressionswhich our algorithmswill
wrongly judgedto beequal.
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Algorithm 2.
startwith TRIALS equalto  andINTERSECTIONequalto ! "$#&%'#)(
repeatuntil TRIALS * MAXTRIALS

assignrandomvaluesto eachvariablein + and ,
let - betheroundedinterval evaluationof + underthoseassignments
let . betheroundedinterval evaluationof , underthoseassignments
if -0/21
35476 and .8/�1
35476

let INTERSECTIONequalINTERSECTION 9:3;-<">=?.@6
if INTERSECTION A<B

returnFALSE (we have foundamiss)
elseif -&A CertainlyNaNand .�/C1
35476

returnFALSE (wehave foundamiss)
elseif -0/21
35476 and .DA CertainlyNaN

returnFALSE (wehave foundamiss)
incrementTRIALS

returnTRUE (thereis still a rangeof constantsby which + and , might differ)

Fig. 4. A rounded-interval algorithmfor comparisonof expressions+ and , up to anadditive constant.

Onesourceof thiskind of errorcomesfrom usingtheset E of machinenumbersasthe
domainandrangeof theevaluationof expressions.Any finite set E of machinenumbers
musthave, disregardingrepresentationsfor positive andnegative infinity, a largestanda
smallestelement.A pair of expressionsthatdiffer only outsideof the domain E cannot
berecognizedasunequalby our algorithms.Similarly, a pair of expressionsthatagreeto
within oneULP (or in practice,a few ULPs) cannotbe distinguishedby our algorithms.
All valueslarger than the largestfinite memberof E are equivalent, as are all values
smallerthanthesmallestnonzeromemberof E . Consequentlyexpressionsthattakeonly
sufficiently largeor sufficiently smallvaluescannotbedistinguished.

Anothersourceof error is thatour algorithmwill have troubledistinguishinga numer-
ically ill-conditionedexpressionfrom otherexpressions.In normalfloating point arith-
metic, the evaluationof an ill-conditionedexpressionis numericallyunstablebecauseof
theaccumulatedeffect of roundingerrorsin floatingpoint calculations.In interval arith-
metic,theseerrorsarecontainedinsideboundingintervals,soanill-conditionedexpression
producesa very largeinterval asits result.

Finally, we shouldnotethata practicalimplementationof our algorithmsmustmake a
trade-off betweenspeedandaccuracy. While thealgorithmscantheoreticallydistinguish
betweenany pair of expressionswhich differ by a minimalnumberof ULPsfor someval-
uesin thedomain E , in orderto havea usableimplementationwe needto limit ourselves
to samplinga relatively smallnumberof pointsfrom E . If a pair of expressionsareonly
detectiblydifferenton a portion of the domain E , the liklihood of detectingthat differ-
encedependsonhow many trials arecarriedoutandhow thesamplepoint for eachtrial is
chosenF .

G
In our implementation,we found that samplepoints closeto zero were more likely to uncover a detectible

difference,andwe decidedto chosesamplepoints in a Gaussiandistribution aroundzero. The mosteffective
distribution of samplepointsobviously dependson theexpressionswhichareundercomparison.
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3. OTHER APPROACHES

We give herea brief descriptionof someof theotherpracticalmethodsto solve thezero
equivalenceproblemdescribedin theliteratureandcomparetheseto our approach.There
is alsoa bodyof literatureon thetheoreticalbasisof this problem;for moredetailson this
sideof thesubjectseeShackell [1993]andthereferencescontainedtherein.

3.1 Pure Floating Point Approach

The interval-basedalgorithmsof Section2 area direct descendentof a simplerfloating
point approachin which thevaluesof two expressionsaredirectly comparedat a random
samplingof points.Withoutuseof interval analysis,however, it is difficult to decidewhen
theresultsof two floatingpoint computationsshouldbeconsideredequal.Small floating
point discrepanciesareutterly routine. For instanceeven IKJMLCNOIPJ Q is not equalto IKJ R in
double-precisionfloatingpoint arithmetic(asdescribedin theIEEE 754[1985]standard).
In expressionsthat are ill-conditioned, two slightly different presentationsof the same
underlyingexpressioncouldproducearbitrarily differentfloatingpoint results.

To getreasonableresultsfrom thissimpleapproach,onecanjudgefloatingpoint results
equalif they matchto within a small,arbitrarytolerance.Unfortunately, this methodhas
no errorguaranteeswhatsoever. Unequalexpressionsmaybejudgedto beequivalentand
equivalentexpressionsmaybejudgednot to beso,with therelative probabilitiesof these
errorsdependingon thechoiceof thetoleranceallowed.

3.2 Finite Field Probabilistic Approach

A somewhat similar probabilistic methodis describedin Gonnet[1984, 1986], which
builds on the work of Martin [1971]. The fundamentalidea is similar to ours: a series
of trials is carriedout, whereeachtrial involvesevaluatingboth expressionsat a sample
point. Eachtrial eitherconclusively demonstratesthat theexpressionsdiffer or fails to do
so.This methodproducesone-sidederrorin thesamedirectionasour approach.

Thekey differenceof thisapproachfrom oursis thatevaluationof theexpressions,rather
thanbeingcarriedout in floatingpoint arithmetic,is carriedout in modulararithmetic. It
is easyto seehow this worksfor expressionscontainingonly addition,subtraction,multi-
plication,anddivision: arithmeticcarriedoutmoduloaprime S is still arithmeticin afield.
Themethodcanbeextendedfairly well to work with exponentiation,andcanbestretched
to simulatethebehavior of sometranscendentalfunctionsin modulararithmetic.

However, theclassof functionsthat this approachcancompareis quite restricted.For
instance,supposeT and U are expressions. It can be shown throughan applicationof
Fermat’s Little Theoremthat in order to compute TWV modulo a prime S , U needsto be
computedin modulararithmeticmodulo SYXZL . The integersmodulo SYX[L are not a
field, since S0X\L is even. In particular, U^]_La`bQ is alwaysundefinedsincethereis no
inverseof Q moduloan evennumber. This causesgreatdifficulty in dealingwith square
roots. Anotherbasicproblemis that transcendentalfunctionscanonly be simulatedand
not properlyrepresented.Thesesimulationsaretroublesome,requiringconsiderationof
variousesotericspecialcasesandsuffering from thedifficulty that resultsarenot always
defined.It seemsunavoidablethatmany of theexpressionsthatoccurnaturallycannotbe
comparedby this method.
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3.3 Symbolic Simplification

A completelydifferentapproachto thezeroequivalenceproblemis to manipulatetheex-
pressionssymbolically. For someclassesof expressionsonecandefinea standardform
andmanipulateeachexpressioninto that form. For example,expressionsinvolving only
addition, subtraction,andmultiplication have a familiar standardform – thesearesim-
ply polynomials. To compareif two suchexpressionsareequivalent,onecanmultiply
themout andcomparethe coefficientsof matchingterms. For morecomplicatedexpres-
sions(e.g. thoseinvolving trigonometricfunctions)the taskof defininga standardform
becomesmoredifficult or impossible.

Onecaveat is that the difficulty of arithmeticremainseven in symbolicmanipulation.
For instancethe multiplication andaddition involved to put a polynomial into standard
form would suffer from debilitating inexactnessif doneusingfloating point arithmetic.
Oneway aroundthis is to avoid floatingpoint or roundedarithmeticcompletely, instead
usingarbitrary-precisiondecimalsor rationalsanddealingwith irrational numbersonly
symbolically.

For classesof expressionsfor which thereis no standardform, thesymbolicsimplifica-
tion approachtendsto producea one-sidederrorevaluationin theoppositedirectionthan
therandomizedintervalapproachproduces.If throughmanipulationsandsubstitutionsone
expressioncanbe madeto matchthe otherexpression,the expressionsareconclusively
shown to be equivalent. If, however, the expressionscannotbemadeto matchthrougha
seriesof manipulations,in generalit is notnecessarilysafeto concludethattheexpressions
arenot equivalent.

4. IMPLEMENTATION

The algorithmsof Section2 were implementedfor usein computer-basedmathematics
exams.Theseexamsaredeliveredover theWWW by a systemcalledeGrade, developed
by thesecondauthor. Earlierversionsof thissoftware[Orr 1998;Orr 1999]usedaversion
of thefloatingpoint algorithmdescribedin Section3.1 to comparestudentresponseson a
questionto thecorrectanswer. Theresultsof thispapercomefrom aneffort to improveon
thatalgorithm.

We have implementeda variation of Algorithms 1 and 2 in Java for usein eGrade.
Theinterval mathematicsmethodsusea modifiedversionof the ia mathpackage[Hickey
1997]. Due largely to thenumericaluntrustworthinessof variousimplementationsof the
JavaVirtualMachine,ourimplementationcannotcompletelyguaranteethetheoreticalone-
sidederrorpropertieswe described . However, despitethe fact thatsomeJava implemen-
tationshave beenseento commit somemathematicalatrocities,we have yet to seethe
one-sidederrorpropertyviolatedin practice.

4.1 Evaluation

We have madeaneffort to evaluatetheeffectivenessof Algorithm 1 and2 in thecontext
its implementationin eGrade. This systemhasbeenin usein theUniversityof Nebraska-
Lincoln for a numberof semesters,and during this time detailshave beenrecordedof

e
Thosepropertiesshouldbe achievable, however, in an environmentwhere the numericalaccuracy of com-

putationsis morecarefully controlled. Reliableinterval mathematicslibrariesexist for several languagesand
platforms,takingadvantageof modernhardware’s compliancewith theIEEE754standard.
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examstaken.Thisgivesusadatabaseof tensof thousandsof actualstudentresponsesthat
canbeusedin orderto determinehow effectiveouralgorithmis in practice.

WeevaluatedAlgorithm 1 onasetof over8,000studentresponsesto calculusquestions
involving computingderivatives.Thestudentresponseswerecomparedto thecorrectex-
pressionsusingboth our algorithm anda symbolicsimplificationmethodg usingMaple
[WaterlooMaple Inc. 1996]. Sincetheseapproacheshave one-sidederror in oppositedi-
rections(seeSection3.3), whenever thealgorithmsagreethey mustbothbe correct. We
foundonly 3 responsesout of our sampleof 8,000wherethemethodsdisagreed.In each
caseourapproachwashand-verifiedto becorrect.

WeevaluatedAlgorithm 2 onasetof over4,000studentresponsesto calculusquestions
involving computingindefinite integrals. The responseswereagainchecked usingboth
ouralgorithmandMaple’ssymbolicsimplificationmethod.Thesuccessof thisevaluation
dependeduponthefactthatin thestudentresponses,separationconstantsotherthan0 are
rareenoughthatwecouldexaminethosecasesby hand.Hand-verificationof discrepancies
revealedthatouralgorithmacceptedfour incorrectresponsesascorrect.Thedifferencebe-
tweentheincorrectresponsesandcorrectanswerswasthatin two caseshPi jkjbjbjkjbjkjbjbjbl had
beensubstitutedfor monoj andin two caseshKi pbpkpbpkpbpbpkpbprq hadbeensubstitutedfor skntj in
complicatedexpressions.Mathematically, thoseexpressionswerenot equivalentmodulo
a constant,thoughwith theprecisionof our computationsthey werenumericallyindistin-
guishable.

4.2 Speed

It is clearfrom a quick examinationof our algorithmsthat theworst-casetime to comple-
tion is directly proportionalto thenumberof trials thatmustbecarriedout beforetermi-
nationconditionsarereached.In orderto speedup our implementationsof Algorithms1
and2, we modified the terminationconditionswhile still preservingthe one-sidederror
property. Originally, in Algorithm 1, trials continueduntil definiteevidenceof inequiva-
lencewasfoundor a fixednumber(MAXTRIALS) of trials wasexceeded.Our modified
implementationcountsa “hit” for eachtrial in which theexpressionsevaluateto intervals
thatoverlap.Whena certainnumberof hits (MAXHITS) areachieved,this is considered
sufficientevidenceto judgethefunctionsequivalent.

By settingMAXHITS to a relatively smallvaluewhile leaving MAXTRIALS at a large
value,weachieveabalancebetweenspeedandaccuracy. Thecommoncases,whereeither
the expressionsare found to disagreewithin a few trials or elseaccumulatea sufficient
numberof hits within a few trials, arehandledquickly. In the rarercaseswherealmost
every evaluationproducesPossiblyNaN, the largevalueof MAXTRIALS allows testing
to continue,increasingthelikelihoodthatsometrial will provetheexpressionsinequivalent
or thatsufficienthitswill accumulateto provideastrongindicationthattheexpressionsare
equivalent.

We decidedon the basisof our empirical teststhat settingMAXHITS to 14 gave a
reasonablebalancebetweenspeedandeffectivenessof catchingincorrectexpressionsfor
our particularapplication.Usingthis low numberof trials did not affect theresultsof our
testsof Algorithm 1, andintroducedonly oneadditionalerror into theresultsof our tests
of Algorithm 2. Our implementationhadanaverageresponsetimeof 0.031secondsspent

u
Namely, we comparedexpressionsv and w by checkingif evalb(simplify(f-g)=0); returnedtrue or

false.
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to evaluateeachpair of expressions,runningundera standardJava interpreteron a 200
MHz Pentiummachine.

5. CONCLUSIONS

We have developedtwo closelyrelatedalgorithms.Thefirst of theseprovidesa random-
izedsolutionto theproblemof determiningwhetheror not two expressionsareequivalent.
Thesecondof theseprovidesarandomizedsolutionto theproblemof determiningwhether
or not two expressionsdiffer by only anadditiveconstant.Eachof thesealgorithmsallows
only one-sidederror (provided it is implementedon a machinethat doesnot suffer from
computationalerror in its elementarymathroutines).We have shown how the one-sided
errorpropertyarisesfrom theinclusionmonotonicitypropertyof interval mathematics.In
the process,we have developeda carefultreatmentof roundedinterval mathematicsem-
ploying theconditionswe call CertainlyNaNandPossiblyNaN. Theuseof thesespecific
conditionsis original, althoughprobablycloselyrelatedto otherschemesthathave been
introducedto extendinterval mathematics.
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