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The problemof determiningwhethertwo mathematicakxpressionsare equivalentis very difficult, and even
algorithmicallyundecidablén completegenerality Presentedherearetwo algorithmsthatuseinterval analysis
to make quick and effective probabilisticcomparisonf expressions. Thesealgorithmsbenefitfrom a novel
extensionof thestandardlefinitionsof intenal analysisto betterdealwith functionsthatdo notexist everywhere.
Thealgorithmsarebasednrandomsamplingandareapplicableto awide rangeof functions,canbecarriedoutat
high speedandadmitonly one-sidecerrorin thesensahatequivalentexpressiongrenever judgedunequal.The
first algorithmtestsfor equivalenceof expressionsandthe secondalgorithmtestsfor equivalenceof expressions
upto anadditive constantThesealgorithmshave beenfoundhighly accuraten computegradingof mathematics
exams,andhave potentiallywider applicability
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1. INTRODUCTION

Theproblemof determiningunequivocally whetheronemathematicaéxpressioris equiv-
alentto anotherexpressiornis very difficult, andevenalgorithmicallyundecidablén com-
pletegenerality This problemis known to beundecidabldor the classof expressionsuilt
up from the constantd and, the variablez, andthefunctionsabs (absolutevalue)and
sin usingarithmeticoperationsindcompositionof functions[Richardsori968]. Notethat
expressiongf andg areequivalentif andonly if the expressionf — g is equivalentto zero;
for thisreasorthe questionis oftenreferredto asthe zeio equivalencgroblem.

In this papemnwe describepracticalalgorithmsto dealwith thezeroequivalenceproblem
andthe closelyrelatedproblemof determiningif the differencebetweenwo expressions
is a constant. We have identified three propertiesthat are desirablein an algorithmto
compargwo givenexpressions:

(1) Thealgorithmshouldbe ableto comparearbitraryexpressiongnvolving alargeclass
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of operations.

(2) Comparisonseedo takeplacequickly: for real-timeapplicationscomparisonshould
nottake morethanafractionof asecond.

(3) Thealgorithmshouldbe guaranteedo producecorrectresultsfor eachcomparison.

Unfortunatelyin view of the abose mentionedundecidabilityresults,it is not possible
to attainall threeof theseproperties.The algorithmsthat we presentsettlefor a wealer
versionof the third property: the algorithmwill only be guaranteedo have returneda
correctresultwhenits returnvalueindicatesthat the expressionsinderconsideratiorare
unequal This propertyis oftenreferredto as“one-sidederror”

Thislimitation to one-sidecerroris satishctoryin mary applicationsindeed|f thegoal
of theapplicationis to disprove purporteddentities thenthevalueof thesealgorithmslies
in thecompleteconfidencenegainsfor thoseidentitiesthatthealgorithmsdisprove. From
a practicalstandpointpur algorithmshave alsoproveneffective for verifying identitiesin
an implementationinvolving a broadclassof functions. In animplementatiorwherea
guaranteef correctresultsis critical, the algorithmswe presentcould be usedin tandem
with methodghatguarante@nly one-sidecerrorin the oppositedirection. We have used
this techniqueto evaluatethe performancef ourimplementatiorof thesealgorithms(see
Section4.1).

1.1 Statement of Problem

By anexpressionwe meanawell-formedstring of symbolswhich representareal-valued
function dependenbn zero or more variables. An expressionthat containsn variables
representsn n-placefunctionin the obviousway. At thosepointswherean expression
is not definedin the real numberswe will saythatthe expressiontakesthe value NaN
(“Not a Number”). Throughoutthis documentwve will usethe phrasesthe expressions
undefined"and“the expressiortakesthe valueNaN’ interchangeablyWe will useR to
denotethesetof realnumbersandR! to denotethesetR U { NaN'}. Two expressionsvill
be consideredequivalentif andonly if they take the samevaluein R for eachpossible
realassignmento thevariables.

The main questionwe are concernedvith is how to determineif two expressiongep-
resentthe samefunction. For example,3 sin(y) + cos(x) andcos(2 pi - X)
- 3 sin(-y) areeachvalid expressionsvhichdo,in fact,representhe samefunction.
For any assignmento the variablesx andy, eachexpressionwill evaluateto the same
result. Theexpressiondn(x) andin(abs(x)) , ontheotherhand,do notrepresenthe
samefunction. For ary negative x thelatterexpressiorevaluatego a realnumberandthe
formerevaluatego NaN

2. ALGORITHMS
2.1 Overview of Interval Analysis

Interval mathematicss anextensionof themathematic®f therealline. We will startwith
the setof closedintervals of thereal line andintroducemethodsof arithmeticwith these
intervals. A computationinvolving two intervals producesa third interval whosebounds

I Theimplementatiorthatled to this paperevaluatesexpressionsuilt in anarbitraryway from the operationst,
-,*,/,”, andthefunctionssin , cos, In , abs, andarcsin
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areboundsonthepossiblevaluesof theresultof thatcomputationln exactinterval math-
ematicstheresultof the computationwould be the minimal boundinginterval. Practical
implementationgarry out roundedinterval mathematicsyherethe resultinginterval is
slightly largerthana minimal boundinginterval but is still guaranteedo containall pos-
sible valuesof the resultof the computation.The basicsof the subjectwerefirst laid out
by Moore [1966] andcanbe foundin mary morerecentexpositions;herewe give only a
minimal descriptionof the subjectandintroducethe notationusedin theremaindeof this
paper

DEFINITION 1. Let[z,z2] denotetheset{z € R | z; < = < z,}. Thesetof real
intervalsis thesetZ(R) = { [z1, 22] | #1, 22 € R}.

DEFINITION 2. For A, B € Z(R), andfor o oneof the operationst,—,x,/, or
AoB={aob|ac Aandb € B}
providedthata o b existsfor all a in A andall b in B.

DEFINITION 3. Forcontinuoudunctionsf : R® — R, thenatural interval extension
of f is definedby f(A1, Az,...,A,) = { fla1,a2,...,a,) | a; € A;} for A; € Z(R),
i=1,2,...,n.

Notethataninterval, aswell asthe cross-productdf n intervals,is a connectedet. The
continuousimageof a connectedsetis connectedso the resultof applyingthe interval
extensionof a functionis againaninterval. Furthermoresincethe operations+,—,x,/,
and” arecontinuouspefinition 2 is subsumedby Definition 3.

The propertyof interval arithmeticthatis mostessentiato our purposess known var-
iously as inclusion monotonicity[Moore 1966] or inclusion isotonicity [Hammeret al.
1995], andguaranteethatthe resultof a computationcarriedout on aninterval I will be
asupersebf theresultof thecomputatiorcarriedout on a subintenal of 1.

DEFINITION 4. LetA, B € Z(R). Thebinaryoperatiore definedonZ(R) isinclusion
monotonidf Ao B C A' o B' whenerer A', B' € Z(R) satisfyA C A’ andB C B'. The
functionf : Z(R) — Z(R) isinclusionmonotonidf f(A4) C f(A’) wheneerA’ € Z(R)
satisfiesA C A'.

It is easyto seefrom Definition 3 that the naturalinterval extensionof a continuous
function is inclusionmonotonic. For if f : R* — R and4; C A} arerealintervals
then f(A1,..., An) = {f(ai,...,an) | a; € A;} C {f(ar,...,an) | a; € Aj} =
f(AL, ..., AL). SinceDefinition 2 is a specialcaseof Definition 3, the operations+, —,
x, /,and” arealsoinclusionmonotonicon Z(R)).

We useintervalsto representupperandlower boundson the possiblevaluesof a real-
valuedexpression By makingcopioususeof theinclusionmonotonicitypropertyof inter-
val operationsndfunctions,it is straightforwardto calculatesuchupperandlowerbounds
evenfor very complicatedexpressionsWe cankeepourboundsabsolutelyaccuratevenif
our methodsof calculationintroduceerror (dueto roundingin finite-precisionarithmetic)
ateachstep. As long aswe have a boundon the errorintroducedat any onestep,we can
make useof inclusionmonotonicityto expandour intervalsto take thaterrorinto account.
If donecarefully, theinterval thatwe produceastheresultof a calculationis guaranteedb
containthe correctvalueof thatcalculation.
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DEFINITION 5. Letthesetof machinenumbes M bethesetof numbergepresentable
in a particularimplementation(e.g. the setof double-precisiorfloating point numbers).
Thesetof madineintervalsis thesetZ(M) = { [z1, z2] | z1,22 € M }.

An acceptableroundedinterval arithmeticschemewill be onein which the result of
every operations amachinenterval thatcontaingheresultof theoperationn therealin-
tenals. Thusanacceptableoundednterval arithmeticschemenustmaintainthe property
of inclusionmonotonicity An optimalroundedarithmeticschemewvould be onein which
theresultof every operationrwasthe smallestmachineinterval containingthe resultof the
operationin therealintervals.

Note thatin orderto implementan acceptableschemeof roundedinterval arithmetic,
eachrealnumbemustbe containedn somememberf Z(M). Usingfloatingpointarith-
meticasdescribedn the IEEE 754[1985] standardthis is achieved by meansof special
machinenumberrepresentationfor positive and negative infinity. Thesespecialvalues
areconsideredo be partof thesetM andareusedto produceintervalsthatcontainvalues
largerthanary finite floating point number

It is straighforvardto implementan acceptableoundedinterval arithmeticschemeon
ary systemwherethe desiredoperationsare alreadyimplementedwith a known degree
of accurag. We denotesuchroundedmachineoperationsby the useof a subscripted\/.
Let +,, =, X, /., @and’, bebinary operationsdefinedon M x M by the computer
arithmeticoperationghat producemathematicallycorrectresultswith the possibleexcep-
tion of roundingtaking placein theunit in thelastplace(ULP). Theseareoperationgrom
M x M to M U{NaN}, whereNaNoccursasaresultof divisionby zero,exponentiatiorof
aneggative numberto afractionalpower, or exponentiatiorof zeroto thezerothpower. For
aquantityin M, let underlinesgz, andoverlines,z, representespectiely the operations
of subtractingandaddingone ULP to the quantityz. It is easyto see for instancethatif
A = [a1,a2] andB = [by, bs] arebothintervalsin Z(M) then

A x, B = [min{a; %, b1, a1 %, b2, az %X,, b1, az X,, bz},

max{a1 X bl, ay X, b2, az X, bl, az X, bz}]

definesanacceptablebut not optimal,implementatiorof roundednterval multiplication.

The generalprinciple involvedin definingan easily computabldorm of a roundedin-
tenal versionof an elementaryfunctionis thatoneneedonly examinea finite numberof
pointsto determinegoodupperandlower boundson the function’s value. It is important
to recallthatwe have no desireto hand-createoundednterval versionsof every function
f: R™ = R,; wejustneedto createroundednterval versionsof the elementaryfunctions.
For examplesupposeéhatsin, : M — M is amachineémplementatiorof thesin function
thatis free from computationakrror. Supposeahat A = [a1,a2] is aninterval in Z(M).
We will definetheinterval versionof thesin functionin a numberof casesalwaysbeing
carefulto maintainthe propertyof inclusionmonotonicity If sin has(or might have) ary
local maximaon A, thenthe upperlimit of sin, (A) is 1. Otherwisethe upperlimit is
the maximumof sin,, (a;) andsin, (a2). If sin has(or might have) ary local minimaon
A, thenthe lower limit of sin, (A) is —1. Otherwisethe lower limit is the minimum of

sin,, (a1) andsin, (as).
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Fig. 1. Intenval comparisorof functions. The curvesrepresenthe actualvaluesof f(z) andg(z); the error
barsshav intenal evaluationsof f andg atthevaluesa, b, andc. Notethattheintenals overlapatpointsa and
b, sothefunctionsarecompatibleat thosepoints. At point ¢, however, theintenals do not overlapsothatsample
shaws thefunctionsarenot equal.

2.2 Interval Solution of the Zero Equivalence Problem

The procedurewe useto testif two expressionsf and g are equivalentusing interval
arithmeticis carriedoutasaseriesof trials. Eachtrial beginsby assigningandomvaluesto
thevariablesn theexpressiong andg. Theexpressionarethenevaluatedusingrounded
interval arithmetic. In the ordinary case the evaluationproducesa machineinterval for
eachexpression.If thesemachineintervals do not overlap,the expressionsarejudgedto
be unequalandtrials stop. Otherwise,more randomtrials are carriedout. After some
presetnumberof trials have beencarriedout in which all the intervals obtainedoverlap,
theexpressionsrejudgedto be equal.An illustrationof theinterval comparisoris shovn
in Figurel.

A key thing to obsene aboutthe above processs thatwith interval arithmetic,unlike
ordinary floating point arithmetic, thereis no dangerof mistalenly declaringa pair of
expressiongo be unequal.The propertyof inclusionmonotonicityguaranteeshat, when
f is evaluatedat a point, the resultinginterval mustcontainthe correctvalueof f at that
point. The sameholdsfor the interval producedfor the expressiong at that samepoint.
Thenif f andg areequivalentexpressionsthe intervals producedby eachmustoverlap
atthatpoint. If any pointis foundwheref andg produceintervals which do not overlap,
the expressionave beenconclusvely shavn to be unequal. This propertyensureghat
aninterval evaluationschemehasonly one-sidederror. While unequalexpressionsnay
sometimedecloseenoughin valueto bejudgedcorrect,equivalentexpressionsvill never
be mistalenly judgedto beunequal.

Thereis oneimportantpoint not yet addressedwe needto be carefulof whathappens
whenoneof the expressionss undefined.For example,take the division operator When
wedefinedtherealinterval operatiorof division,weleft A /,, B undefinedn thecasewvhere
0 € B. In facttherearethreecasedo consideffor A/,, B: Thefirst cases theonethatwe
have beenconsideringall along:that0 ¢ B. In this casetheoperation4/,, B produces
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Algorithm 1.
startwith TRIALS equalto O
repeatuntil TRIALS > MAXTRIALS
assigmrandomvaluesto eachvariablein f andg
let U betheroundedntenal evaluationof f underthoseassignments
let V betheroundedntenal evaluationof g underthoseassignments
if UeZ(M)andV € Z(M)andU NV =0
returnFALSE (we have foundamiss)
elseif U = CertainlyNaNandV € Z(M)
returnFALSE (we have foundamiss)
elseif U € Z(M) andV = CertainlyNaN
returnFALSE (we have foundamiss)
incremenfTRIALS
returnTRUE (if we cannotdemonstratéhat f andg differ, assumehey areequal)

Fig.2. Probabilisticroundedntenal checkif expressions’ andg areequialent.

machinenterval. Thesecondcaseis thatB = [0, 0]. In this casethequotienta/b = NaN
foralla € A andb € B. Wewill describehisasA/,, B = CertainlyNaN Thethird case
isthat0 € B, but B alsocontainsnonzerovalues.In thiscasetherearesomecombinations
of a € A andb € B suchthata/b € R. We will describethisasA/,, B = PossiblyNaN
Taken togetherthesethreecasesallow the division operationA/,, B to be definedfor all
A, B € I(M) asamapfromZ(M) xZ(M) to Z(M )U{Certainly NaN} U{PossiblyNaN}.

The samethreecasescanbe appliedto the naturalmachineinterval extensionof ary
functionwhosevaluedoesnot alwaysexist in therealnumbers For example,considerthe
squareroot functionasa functionfrom R to Rf. For ary realz > 0 we have \/z € R.
Forz < 0 we have /x = NaN. Thenfor aninterval A € Z(M), if A containsonly
nonneyative valueswe have caseone: M/A € Z(M). If A containsonly negative values
we have casetwo: ¥/A = CertainlyNaN If A containsboth negative and nonnejative
valueswe have casethree: ¥/A = PossiblyNaN

Whenwetakeinto accounthepossibilitiesof CertainlyNaNandPossiblyNaN, thepro-
cedureto testif two expressiong’ andg areequivalentremainsessentialljunchangedOne
hasonly to considemmorepossibilitiesto decidewhat the outcomeof atrial is. Random
valuesareassignedo eachof thevariablesn theexpressions andg, andtheexpressions
are evaluatedusinginterval mathematics We will call atrial a “miss” if thattrial shovs
that f andg cannotbe equivalent. If both f andg produceaninterval, thetrial is a miss
if theintervalsdo notoverlap.If oneof theexpressionproducegheresultCertainly NaN
andthe otherproducesaninterval, thenthe trial is a miss. In eachof the otherpossible
casesthetrial is inconclusve. This algorithmis shavn in Figure?2.

2.3 Interval Solution of Expression Equivalence Modulo a Constant

Giventwo expressiong andg, we sometimesvantto determindf thereexistsa constant
C suchthat f = g + C. This questionarisesnaturally whentrying to checkidentities
involving the indefiniteintegral of a given expression.Differentantidervativesof an ex-
pressiordiffer by anadditive constant.

Interval mathematicprovidesanelegantsolutionto theproblemof probabilisticallyde-
terminingwhethertwo expressionsf andg are equivalentmodulo a constant. One can
performaseriesof randomtrials, just asin the caseof determiningequivalenceof expres-
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Fig.3. Intenal comparisorof functionsmoduloaconstantintenals areevaluatedfor f — g atsamplepointsa,
b, andc. Theshadedarearepresenttheintersectiorof theseintenals. As long asthatintersectioris non-empty
it is possiblethat f andg differ by aconstant.

sions. For eachtrial, arandomvalueis assignedo eachvariablein the expressions and
g. Theexpressionsarethenevaluated.If both expressiongproducea machineinterval as
theresultof thetrial, thentheseintervalsaresubtractecandthe interval representingheir
differenceis recorded.If the intersectionof this differenceinterval with all previous dif-
ferenceintervalsis empty thetrial is amiss. If oneof the expressiongproducedheresult
Certainly NaN andthe otherproducesaninterval, thenthe trial is a miss. In eachof the
otherpossiblecasesthetrial is inconclusve. As soonasa missis found, the expressions
arejudgedto be notequialent. After enoughtrials, if no misshasbeenfoundthe expres-
sionsarejudgedto beequivalent. Theinterval comparisorns illustratedin Figure3 andthe
algorithmis detailedin Figure4.

This processalsohasthe nice propertyof having only one-sidederror. Two expressions
that are equivalentmodulo a constantare never judgedto be inequivalent. To seethis,
supposehat f andg areexpressionsuchthat f = g + C for someconstanitC' € R. By
thepropertyof inclusionmonotonicityof interval mathematicstheinterval resultof g — f
mustcontainC wherever f andg exist. Thustheintersectiorof all the differenceg — f
muststill containC' andthereforebe nonempty Furthermorewhenever f exists, g also
exists andwhenever g exists, f alsoexists. Thusif oneevaluatesto Certainly NaN the
othercannotevaluateto aninterval. This takescareof both possiblewaysin which atrial
could producea miss, sotwo expressionequivalentmoduloa constantwill not produce
ary missesandnot be judgedunequal.

2.4 Limitations

As we notedin Sectionl, ary algorithmthatattemptgo solve the expressiorequivalence
problemmustmake a sacrificeeitherin theclassof expressionshatcanbecomparedr in
theaccurag with which this comparisortakesplace. Our algorithmshave the possibility
of one-sidederror, in that thereare inequivalentexpressionswhich our algorithmswiill
wrongly judgedto be equal.
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Algorithm 2.
startwith TRIALS equalto 0 andINTERSECTIONequalto [—o0, 00]
repeatuntil TRIALS > MAXTRIALS
assigrrandomvaluesto eachvariablein f andg
let U betheroundedntenal evaluationof f underthoseassignments
let V betheroundedntenal evaluationof g underthoseassignments
if U € Z(M) andV € Z(M)
letINTERSECTIONequalINTERSECTIONN (U —, V)
if INTERSECTION= 0
returnFALSE (we have foundamiss)
elseif U = CertainlyNaNandV € Z(M)
returnFALSE (we have foundamiss)
elseif U € Z(M) andV = CertainlyNaN
returnFALSE (we have foundamiss)
incremenfTRIALS
returnTRUE (thereis still arangeof constantdy which f andg might differ)

Fig.4. A rounded-interal algorithmfor comparisorof expressionsf andg up to anadditive constant.

Onesourceof thiskind of errorcomesfrom usingthesetM of machinenumbersasthe
domainandrangeof the evaluationof expressionsAny finite set M of machinenumbers
musthave, disrggardingrepresentationfor positive and negative infinity, a largestanda
smallestelement.A pair of expressionghatdiffer only outsideof the domaini/ cannot
berecognizedasunequalbby our algorithms.Similarly, a pair of expressionghatagreeto
within one ULP (or in practice,a few ULPs) cannotbe distinguishedoy our algorithms.
All valueslarger than the largestfinite memberof M are equivalent, as are all values
smallerthanthe smallestnonzeromemberof M. Consequentlgxpressionghattake only
sufficiently large or sufficiently smallvaluescannotbedistinguished.

Anothersourceof erroris thatour algorithmwill have troubledistinguishinga numer
ically ill-conditioned expressionfrom other expressions.In normalfloating point arith-
metic, the evaluationof anill-conditioned expressionis numericallyunstablebecausef
the accumulateckffect of roundingerrorsin floating point calculations.In interval arith-
metic,thesesrrorsarecontainednsideboundingntervals,soanill-conditionedexpression
producesvery largeinterval asits result.

Finally, we shouldnotethata practicalimplementatiorof our algorithmsmustmake a
trade-of betweenspeedandaccurag. While the algorithmscantheoreticallydistinguish
betweenrary pair of expressionsvhich differ by a minimal numberof ULPsfor someval-
uesin thedomainl/, in orderto have a usableimplementatiorwe needto limit oursehes
to samplinga relatively smallnumberof pointsfrom M. If apair of expressionareonly
detectiblydifferenton a portion of the domain/, the liklihood of detectingthat differ-
encedepend®n how mary trials arecarriedoutandhow the samplepoint for eachtrial is
choseA.

2In our implementationwe found that samplepoints closeto zerowere more likely to uncover a detectible
difference,andwe decidedto chosesamplepointsin a Gaussiardistribution aroundzero. The mosteffective
distribution of samplepointsobviously depend®n the expressionsvhich areundercomparison.
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3. OTHER APPROACHES

We give herea brief descriptionof someof the other practicalmethodso solve the zero
equivalenceproblemdescribedn theliteratureandcompareheseto our approachThere
is alsoa body of literatureon the theoreticabasisof this problem;for moredetailson this
sideof thesubjectseeShaclell [1993] andthereferencegontainedherein.

3.1 Pure Floating Point Approach

The interval-basedalgorithmsof Section2 are a direct descendentf a simpler floating
point approachin which the valuesof two expressionsaredirectly comparecht arandom
samplingof points. Without useof interval analysishowever, it is difficult to decidewhen
theresultsof two floating point computationshouldbe consideredqual. Small floating
point discrepanciesre utterly routine. For instanceaven0.1 + 0.2 is not equalto 0.3 in
double-precisioffloating point arithmetic(asdescribedn the IEEE 754 [1985] standard).
In expressionghat are ill-conditioned, two slightly different presentation®f the same
underlyingexpressiorcould producearbitrarily differentfloating point results.

To getreasonableesultsfrom this simpleapproachpnecanjudgefloatingpoint results
equalif they matchto within a small, arbitrarytolerance.Unfortunately this methodhas
no errorguaranteesvhatsoeer. Unequalexpressionsnay be judgedto be equivalentand
equivalentexpressionsnay be judgednot to be so, with the relative probabilitiesof these
errorsdependingon the choiceof the toleranceallowed.

3.2 Finite Field Probabilistic Approach

A somevhat similar probabilistic methodis describedin Gonnet[1984, 1986], which
builds on the work of Martin [1971]. The fundamentalideais similar to ours: a series
of trials is carriedout, whereeachtrial involvesevaluatingboth expressionsat a sample
point. Eachtrial eitherconclusiely demonstratethatthe expressiongiffer or fails to do
s0. This methodproduceone-sidederrorin the samedirectionasour approach.

Thekey differenceof thisapproacHrom oursis thatevaluationof theexpressionstather
thanbeingcarriedoutin floating point arithmetic,is carriedout in modulararithmetic. It
is easyto seehow this worksfor expressiongontainingonly addition,subtractionmulti-
plication,anddivision: arithmeticcarriedoutmoduloa primep is still arithmeticin afield.
Themethodcanbe extendedfairly well to work with exponentiationandcanbe stretched
to simulatethe behaior of sometranscendentdlinctionsin modulararithmetic.

However, the classof functionsthatthis approachcancompareis quite restricted. For
instance,supposex and b are expressions. It can be shavn throughan applicationof
Fermats Little Theoremthatin orderto computea® modulo a prime p, b needsto be
computedin modulararithmeticmodulop — 1. The integersmodulop — 1 arenot a
field, sincep — 1 is even. In particular b = 1/2 is always undefinedsincethereis no
inverseof 2 moduloan evennumber This causegyreatdifficulty in dealingwith square
roots. Anotherbasicproblemis that transcendentdlinctionscanonly be simulatedand
not properly represented Thesesimulationsare troublesomerequiring consideratiorof
variousesotericspecialcasesand suffering from the difficulty that resultsare not always
defined.It seemsunavoidablethatmary of the expressionghatoccurnaturallycannotbe
comparedy this method.
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3.3 Symbolic Simplification

A completelydifferentapproacho the zeroequialenceproblemis to manipulatethe ex-
pressionsymbolically For someclasse®f expressionne candefinea standardorm
and manipulateeachexpressioninto thatform. For example,expressionsnvolving only
addition, subtraction,and multiplication have a familiar standardform — theseare sim-
ply polynomials. To compareif two suchexpressionsare equivalent, one can multiply
themout andcomparethe coeficientsof matchingterms. For more complicatedexpres-
sions(e.g. thoseinvolving trigonometricfunctions)the task of defininga standardiorm
becomesnoredifficult orimpossible.

Onecaveatis that the difficulty of arithmeticremainsevenin symbolic manipulation.
For instancethe multiplication and addition involved to put a polynomialinto standard
form would suffer from debilitating inexactnessf done using floating point arithmetic.
Oneway aroundthis is to avoid floating point or roundedarithmeticcompletely instead
using arbitrary-precisiordecimalsor rationalsand dealingwith irrational numbersonly
symbolically

For classe®f expressiondor which thereis no standardorm, the symbolicsimplifica-
tion approachendsto producea one-sideckerrorevaluationin the oppositedirectionthan
therandomizednterval approactproduceslf throughmanipulation@ndsubstitution®ne
expressioncan be madeto matchthe otherexpressionthe expressionsare conclusvely
shavn to be equivalent. If, however, the expressionsannotbe madeto matchthrougha
serieof manipulationsin generalt is notnecessarilgafeto concludethattheexpressions
arenotequialent.

4. IMPLEMENTATION

The algorithmsof Section2 wereimplementedfor usein computerbasedmathematics
exams. Theseexamsaredeliveredover the WWW by a systemcalledeGrade developed
by the secondauthor Earlierversionsof this software[Orr 1998;0rr 1999]useda version
of thefloating point algorithmdescribedn Section3.1to comparestudentresponsesn a
questiorto thecorrectanswer Theresultsof this papercomefrom aneffort to improveon
thatalgorithm.

We have implementeda variation of Algorithms 1 and 2 in Java for usein eGrade
Theinterval mathematicsnethodsusea modifiedversionof theia_mathpackagdHickey
1997]. Due largely to the numericaluntrustworthinessof variousimplementationof the
JavaVirtual Machine ourimplementatiorcannotcompletelyguarante¢hetheoreticabne-
sidederror propertieswe describé. However, despitethe fact that someJavaimplemen-
tationshave beenseento commit somemathematicahtrocities,we have yet to seethe
one-sidecerrorpropertyviolatedin practice.

4.1 Evaluation

We have madean effort to evaluatethe effectivenessf Algorithm 1 and2 in the context
its implementatiorin eGrade This systemhasbeenin usein the University of Nebraska-
Lincoln for a numberof semestersand during this time details have beenrecordedof

3Thosepropertiesshould be achieable, hovever, in an ervironmentwhere the numericalaccurag of com-
putationsis more carefully controlled. Reliableinternval mathematicdibraries exist for several languagesand
platforms,takingadwantageof modernhardwares compliancewith the IEEE 754 standard.



Randomized Interval Analysis Checks for the Equivalence of Expressions . 11

examstaken. This givesusa databasef tensof thousand®f actualstudentresponsethat
canbeusedin orderto determinehow effective our algorithmis in practice.

We evaluatedAlgorithm 1 onasetof over 8,000studentesponseto calculusquestions
involving computingderivatives. The studentresponsesverecomparedo the correctex-
pressionausing both our algorithm and a symbolic simplification method using Maple
[WaterlooMaple Inc. 1996]. Sincetheseapproachebfiave one-sidederrorin oppositedi-
rections(seeSection3.3), whenever the algorithmsagreethey mustboth be correct. We
foundonly 3 responsesut of our sampleof 8,000wherethe methodsdisagreedIn each
caseour approactwashand-\erifiedto becorrect.

We evaluatedAlgorithm 2 on a setof over 4,000studentesponseto calculusguestions
involving computingindefinite integrals. The responsesvere againchecled using both
our algorithmandMaple’s symbolicsimplificationmethod.The succes®f this evaluation
dependediponthefactthatin the studentresponsesseparatiorconstantotherthan0 are
rareenouglthatwe couldexaminethosecasesy hand.Hand-\erificationof discrepancies
revealedthatouralgorithmacceptedour incorrectresponseascorrect.Thedifferencebe-
tweentheincorrectresponseandcorrectansweravasthatin two case$.3333333334 had
beensubstitutedor 1/3 andin two cased.6666666667 had beensubstitutedor 2/3 in
complicatedexpressions Mathematically thoseexpressionsvere not equivalentmodulo
a constantthoughwith the precisionof our computationghey werenumericallyindistin-
guishable.

4.2 Speed

It is clearfrom a quick examinationof our algorithmsthatthe worst-casdime to comple-
tion is directly proportionalto the numberof trials thatmustbe carriedout beforetermi-
nationconditionsarereached.In orderto speedup our implementation®f Algorithms 1
and 2, we modified the terminationconditionswhile still preservingthe one-sidederror
property Originally, in Algorithm 1, trials continueduntil definite evidenceof inequiva-
lencewasfound or a fixed number(MAXTRIALS) of trials wasexceeded Our modified
implementatiorcountsa “hit” for eachtrial in which the expression®valuateto intervals
thatoverlap. Whena certainnumberof hits (MAXHITS) areachieved, this is considered
sufficient evidenceto judgethe functionsequivalent.

By settingMAXHITS to arelatively smallvaluewhile leaving MAXTRIALS atalarge
value,we achieve abalancebetweerspeedcandaccurag. Thecommoncaseswhereeither
the expressionsare found to disagreewithin a few trials or elseaccumulatea sufficient
numberof hits within a few trials, are handledquickly. In the rarercasesvherealmost
every evaluationproducesPossiblyNaN, the large valueof MAXTRIALS allows testing
to continuejncreasinghelik elihoodthatsometrial will provetheexpressiongnequialent
orthatsuficienthitswill accumulateo provide a strongindicationthattheexpressionsre
equialent.

We decidedon the basisof our empirical teststhat settingMAXHITS to 14 gave a
reasonabléalancebetweenspeedandeffectivenesof catchingincorrectexpressiongor
our particularapplication.Usingthis low numberof trials did not affect the resultsof our
testsof Algorithm 1, andintroducedonly oneadditionalerrorinto the resultsof our tests
of Algorithm 2. Ourimplementatiorhadanaverageresponséime of 0.031secondspent

4Namely we comparedexpressionsf andg by checkingif evalb(simplify(f-g)=0); returnedtrue or
false
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to evaluateeachpair of expressionsrunningundera standardlava interpreteron a 200
MHz Pentiummachine.

5. CONCLUSIONS

We have developedtwo closelyrelatedalgorithms. Thefirst of theseprovidesa random-
izedsolutionto theproblemof determiningwhetheror nottwo expressiongreequivalent.
Thesecondf theseprovidesarandomizedsolutionto theproblemof determiningvhether
or nottwo expressiongliffer by only anadditive constantEachof thesealgorithmsallows
only one-sidecerror (providedit is implementecbn a machinethat doesnot suffer from
computationakrrorin its elementarymathroutines). We have showvn how the one-sided
errorpropertyarisesfrom theinclusionmonotonicitypropertyof interval mathematicsin
the processwe have developeda carefultreatmentof roundedinterval mathematicem-
ploying the conditionswe call Certainly NaN andPossiblyNaN The useof thesespecific
conditionsis original, althoughprobablycloselyrelatedto otherschemeshat have been
introducedo extendinterval mathematics.
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